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FAMILIES OF ORTHOGONAL LAURENT POLYNOMIALS, HYPERELLIPTIC LIE 

ALGEBRAS AND ELLIPTIC INTEGRALS 

BEN COX AND MEE SEONG IM 


Abstract. We describe a family of polynomials discovered via a particular recursion relation, which 
have connections to Chebyshev polynomials of the first and the second kind, and the polynomial 
version of Pell’s equation. Many of their properties are listed in Section [3] We show that these families 
of polynomials in the variable t satisfy certain second order linear differential equations that may be 
of interest to mathematicians in conformal field theory and number theory. We also prove that these 
families of polynomials in the setting of Date-Jimbo-Kashiwara-Miwa algebras when multiplied by a 
suitable power of t are orthogonal with respect to explicitly-described kernels. Particular cases lead to 
new identities of elliptic integrals (see Section 0. 


1. Introduction 

Let R be the ring of meromorphic functions on a Riemann surface and with a fixed finite number of 
poles. Krichever-Novikov algebras arise as central extensions of Lie algebra of derivations Der(i?), of loop 
algebras g ® R, and Lax algebras (see |KN87aj . |KN87bj . |KN89j . |SS98j . |Sch03| . |Sch07j . |Shel2j ). Let 
p(t) £ <C[f] be a polynomial with distinct complex roots. In this paper, we concentrate on the ring i?2 (p), 
where R m (p) = C[t ±1 ,u]/(u m — p(t)) is the coordinate ring of a Riemann surface (when m = 2) with 
a finite number of punctures. The universal central extension of the Lie algebra TZ m (p) = Der(i? m (p)) 
is called the m-th superelliptic Lie algebra associated to p (cf. [CGLZ14b] b and is a particular type of 
Krichever-Novikov algebra. When m = 2 and p is separable of degree greater than 4, the Lie algebras 
of derivations Der (R 2 (p)) and of loop algebras g ® i? 2 (p) are hyperelliptic. 

In previous work of the first author with X. Guo, R. Lu and K. Zhao, interesting automorphism groups 
of Der(i?) appear when R = C[f, ( t — ai) _1 ,..., (t — a„) -1 ]. In particular, the five families of groups 
studied by Klein (C n , D ni A 4 , S 4 and A5) are precisely the only groups that appear as automorphism 
groups of derivations of R (cf. |CGLZ14a] h Automorphism groups play an important role in the study of 
conformal field theory. For example, the monster simple group is known to appear as the automorphism 
group of a particular vertex operator algebra (cf. [FLM88] . IFLM86I . [FLM85j h and other finite sporadic 
simple groups make their appearance as conjectured automorphism groups in Umbral Moonshine. 

In this paper, we study families of polynomials that arise in the description of the groups of units of the 
automorphism group Aut(7?.2(p)) of the Lie algebra of derivations of R^ijp). The original motivation for 
describing these units is to help one determine the automorphism ring and consequently, the classification 
problem of the rings Ri(p), and thus Lie algebras 77-2 (p). Such invertible elements have deep and 
important connections to the solutions of the polynomial Pell equation 

f 2 -g 2 p = l, f,geC[t] 

that appear in number theory (cf. |CGLZ14b] Lemma 11, |DS04j 1. In the case when p = t 2 — 1, the 
pairs of Chebyshev polynomials T n (t) and U n (t) of the first kind and of the second kind, respectively, 
provide us with the solutions to the particular Pell equation 

T n {t) 2 — U n -i(t) 2 (t 2 — 1) = 1 (1) 

(cf. | MH03] j. and thus give a complete description of the group of units. 

We would like to give another motivation for the study of such rings and their associated Lie alge¬ 
bras Der(77-2(p)) and g G> i?2(p)- Date-Jimbo-Kashiwara-Miwa studied integrable systems arising from 
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Landau-Lifshitz differential equation in |DJKM83] . This differential equation describes time evolution 
of magnetism in solids: 

S f = SxS ra + Sx JS, (2) 

where 

/ Ji 0 0 \ 

S = (S X1 ,S X2 , S X3 ), si +Sl+S 2 X3 = l, J = 0 J 2 0 , 

\0 0 J 3 J 

Date-Jimbo-Kashiwara-Miwa introduced in 1DJKM85I the infinite-dimensional 
which is an one-dimensional central extension of 

0 ® C[t ±:L , w : u 2 = ( t 2 — b 2 )(t 2 — c 2 )], 

where 6 , c G C, b ^ ±c, and g is a simple finite-dimensional Lie algebra. This central extension acts on 
the solutions of (0 as infinitesimal Backlund transformations, which is the motivation for calling these 
algebras D JiLM-algebras. One should note that they are particular examples of Krichever-Novikov 
algebras. After a suitable change of variables, we reduce the study of this algebra to where 

f 4 _ 9 Bt 2 4 - 1 

p(t)=p 0 {t) = (3) 

As the main example in this paper focuses on a description of units in ring i ?2 (p) for the polynomial p 
above (and other separable polynomials p), we will not completely review how certain nonclassical or¬ 
thogonal polynomials appear in the study of the universal central extension of the Lie algebra Der(i? 2 (p)) 
and the loop algebra sl 2 <g> i? 2 (p) for the polynomial in (0. Thus, we will be content with noting that 
interesting families such as associated Legendre, associated Jacobi, ultraspherical, and Chebyshev poly¬ 
nomials arise in the description of the universal central extension of Der(i? 2 (p)) (cf. |CZ15j l and the loop 
algebra sl 2 ® i? 2 (p) (cf. [CFT13] ’). Also it should be noted that particular examples of the associated 
Jacobi polynomials of Ismail-Wimp make their appearance in satisfying certain fourth order linear dif¬ 
ferential equations ( jIW98| ). Lastly, we point out that the fourth order differential equation in [CFT131 
also seems to be related to Kaneko-Zagier’s work on supersingular j-invariants and Atkins polynomials 
1 IKZ981 . 

In [CGLZlTbl . it was given necessary and sufficient conditions for the Lie algebra Der(i? m (p)) to 
be simple, which their universal central extensions and their derivation algebras have been explicitly 
described. The authors also studied the isomorphism and automorphism problem for these Lie algebras 
by describing the group of units of i? 2 (p) for particular p. In the process, it was realized that the group 
of units consists of sums of the form /„ + g n y/p 7 where /„ and g n are polynomials in t, y/p is ±it, and 
f n and g n satisfy the polynomial version of Pell’s equation f 2 — g 2 p = ct k for some k G Z and c G C x 
(cf. Lemma (12.11) 1. 

In this paper, we use the generating series for pairs of polynomials a n and b n satisfying the polynomial 
version of Pell’s equation to derive a recurrence relation for a n and b n where a n + b ny /p := ( a\ + boy/p) n 
(where we sometimes need the hypothesis a\ — b^p = t 2k for some integer k ). We give a description of the 
solution for this recurrence in m and (0 and use this solution to obtain multitude of analogues that 
generalize properties of Chebyshev polynomials of the first and second kinds. In particular, we discover 
analogues of a result used in 2 -dimensional potential theory and multipole expansion, an analogue of 
Turan’s inequality, and closed form formula for products of a n ’ s and b n ’s in terms of sums of such 
polynomials. This is in addition to finding summation formulae that relate b n to sums of the a n ’s and 
also a growth formula for the b n ’s (cf. Section 0. In Section 0 under the hypothesis that a\ — b^p = t 2k 
for some k £ Z, we prove a key result that allows one to describe a n and b n in terms hypergeometric 
functions, Jacobi polynomials and Chebyshev polynomials. In this section one will also find a version 
of Rodrigue’s formulae for the a n and b n . The last result in section four one will find second order 
linear differential equations for which these polynomials a n and b n satisfy. Under the condition that p is 
the polynomial given in (0 , one can see that one of these differential equations coincides with the one 
appearing in |CZ15| (see (0). Moreover we observe that our differential equations are of Fuchsian type 
when p is ©• 

Chebyshev polynomials are known to be orthogonal with respect to an appropriate kernel (see (ED 
and El)- I n the setting of DJKM- algebras, i.e., see 0, there is a three-step recurrence relation (fl9P 


Ji G C. 

Lie algebra sl(i? 2 (p)) 
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that resembles those satisfied by orthogonal polynomials. This suggests that the Laurent polynomials 
t~ n a n and t~ n b n in the D JK M-algebra setting are orthogonal with respect to some kernel. We prove 
that this is the case and determine the respective kernels in the last main theorem of our paper, Theorem 
m- Surprisingly, the orthogonality result obtained also gives identities of elliptic integrals, which is a 
new development in the theory of elliptic integrals. The last result we give is a property of the 6 „’s that 
is analogous to a property of the Shabat polynomials. 

In Section [ 6 l we give suggestions for future work. 


2. Background 

2.1. The automorphism group of the derivations of a Riemann surface. We study the automor¬ 
phism group Ant(TZ 2 (p)) of the derivations of a Riemann surface, which are directly related to the units 
in R 2 (p). This is due to Lemma 3 in |CGLZ14b] . where one sees that lZ rn (p) and R m (p) are intricately 
related by a derivation 7 Z 2 (p) = R 2 (p)A, where A = p'(t)-, ^ + 2itj^. Skryabin in | ISkr 88 ] and ISkr04j 
uses this derivation to relate the automorphism groups Aut(lZ 2 (p)) and Aut(i? 2 (p))- 


2.2. The automorphism group of a Riemann surface with a finite number of punctures. A 

result in |CGLZ14b] describes the automorphism groups of particular classes of the algebras R 2 (p). The 
authors consider automorphisms sending a unit to a unit. Since the generators t and t -1 of the algebra 
appear as units, the image of these invertible elements helps to distinguish the distinct automorphisms, 
but one first needs to describe the group of units, and to that end, we have: 

Lemma 2.1 (' [CGLZMbj . Lemma 11(a)). The unit group R 2 {p) of R 2 (p) is of the form 

{t l : i £ Z} • {f + g^p : f,g £ C [t],f 2 - g 2 p = ct k for some c £ C*,fc £ Z> 0 }. (4) 

For a general polynomial p £ C[£], an explicit description of all pairs of polynomials / and g that 
satisfy Pell’s equation f 2 — g 2 p = 1 does not exist. As mentioned earlier, Chebyshev polynomials give 
all of the solutions when p(t) = t 2 — 1, and we recall from |CGLZ14b] the explicit description of / and 
g for the degree 4 polynomial in ([3]) with distinct roots (also see Lemma 14. 1 1 with r = 0 ). 


2.3. DJKM- algebras. Date-Jimbo-Kashiwara-Miwa in [D.IKM83j and [D.IKM85] studied certain in¬ 
tegrate systems arising from the Landau-Lifshitz differential equation. In the DJKM setting, we will 
always assume p has the form ((3]); it is then clear that p(t) = q(t ) 2 — 1, where q(t) = -^=5s= . Let 


Ao — Ao(/3, t) — 
A 2 = A 2 (/3, t) = 


t 2 -p 
t 2 - 1 


+ Vpi 


Ai — Ai(/3, t) — 


t 2 + 1 

V^OS + l) 


+ 


1 


VP, 


(3 + 1 


Vp, 


A 3 — A3(/3, t ) — 


fit 2 - 1 


sfp- 


2 — —’ ' 

It is easy to check that A,; £ R 2 {p) for 0 < i < 3 . Since A^’s are related by the following relations: 
AqA 0 = 1 , A1A1 = t 2 , A2A2 = f 2 , A1A2 = t 2 A 0 , A1A2 = A3, 


Ai and A 2 (along with t) generate the group of units. This gives us the following: 

Theorem 2.2 f |CGLZ14b| . Theorem 13(a), 13(b)). The group R 2 {p) of units is isomorphic to C* x Z x 
Z x Z. 


Observe that *Ai(/3,f) = \ 2 {—(},it) and pp{t) = P-p{it ), so we will focus on powers of A 2 . Next, 

we define the families a n and b n using the equation Aj = (ai + boy/p) n = a n + b n -i^/p , where n > 0. 

Note that we obtain 6_ 1 = 0 when n = 0. In Section 12.41 we will derive the recurrence relation for 

b n = b n (/3,t) satisfying a n + b n _i^/p = (ai + bo^/p ) 11 , where the first few terms are 


ao — 1 , 



t 2 -l 

a± = — . 

\/2Fl) 


b\ — 2(Xi6q- 


( 5 ) 


The families a n and b n are closely related to Chebyshev polynomials of the first and the second kind, as 
we will see below. 
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2.4. General separable p. For most of the paper, we will assume that p is separable, with the occasional 
exceptions in the examples noted below. So suppose we assume that a± and bo are polynomials with 
complex coefficients and the subsequent polynomials a n and b n are defined by the equation a n +b n -iffp = 
(oq + b 0 ffp) n . Then we have 


E a ^ n + E & «-i Vpz n = E( ai + b °Vp) r 

i 


n>0 


n> 0 


n>0 


1 - (ai + b Q ffp)z 
1 — a\z + b 0 ffpz 
1 — 2a\z + ( a\ — bop)z 2 


( 6 ) 


The generating series are then given: 

1 — a\z 


E 

n>0 


a n z = 


1 — 2a\Z + ( a 2 — b^p)z 2 


and E b n _ 1 z n = - 


bnZ 


n> 0 


— 2a\z + (af — bop)z 2 


for the pair a n and b n of polynomials. The second equation gives us 

E 6 «-i zn - E 2 ai&„_iz” +1 + E(“? - h lp)bn-iz n+2 = b 0 z, 

n> 0 n> 0 n>0 

which is equivalent to 


E b n-iz n - E 2a ibn-iz n+1 + E^°1 _ bop)b n -iz n+2 = 0, 

n> 2 n> 1 n> 0 

or 

E b n +iz n+2 - E 2ai6„x n+2 + E( a i “ blp)b n -xz n+2 = 0. 

n >0 n>0 n>0 

So we have the recurrence relation 


b n + 1 — 2.a\b n + (a 2 — &qp)6„_i = 0 for all n > 0, 
where we assume 6_i = 0. The a ra ’s have a similar recurrence relation: 

a n + 2 — 2aia n _)_i + (a 2 — b 2 p)a n = 0 for all n > 0, 
but with the initial condition ao = 1. 


2.5. Some second order linear differential equations. 

2.5.1. Chebyshev polynomials. Recall Chebyshev polynomials of the first kind T n (t ) and of the second 
kind U n (t ), which are defined recursively and satisfy the differential equations 

(1 — t 2 )y" — ty' + n 2 y = 0 and (1 — t 2 )y” — 3 ty' + n(n + 2 )y = 0, 
respectively. They also satisfy the polynomial Pell equation: 

T n (t) 2 - (x 2 - l)U n -i(t) 2 = 1. 

2.5.2. DKJM setting: differential equation for the family b n of the second kind. We now return to the 
setting of 

— o fit 2 i 

Pit) = Ph(t) = - v -, where /3 ± ±1. 

A rather tedious ad-hoc derivation obtained in |CGLZ14b] of the second order linear differential 
equation satisfied by 6 n ’s (in the DJKM- setting) gives us 

0 = t(t 2 + 1 )(f 4 - 2/3 1 2 + 1 )y" (7) 

— ((2n — 3)t 6 + t 4 (—4/3n + 2n — 5) + t 2 (4/3 — 4/3 n + 2n + 3) + 2n + 1 )y' 

- 2(2 nt 5 + nt 3 {/3 + (/3 + l)n + 5) + nf(-/3 + (/3 + l)n + l))y. 

This ad-hoc derivation did not yield a low degree linear differential equation satisfied by the affs in the 
setting of DJKM- algebras. However, in Section^ we find a more general second order linear differential 
equation for which the affs satisfy. 
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3. Consequences of the recurrence relation 
3.0.3. Separable p. One can easily show by induction that the solution to our recursion relation 

b n = 2 aib n -i b^p)bn —2 

is solved by 

, 1 {, , , ^n+l , u , (dl + b 0 y /p ) n+1 ~ (a ± - b 0 ^p ) n+1 

K = )=h (»,+!, 0 VP) _ 0, _ f,ov^) ’ 

for n > — 1 . 

Since 

a n = (ai + b 0 y /p) n - b n -iy/p, 

we also obtain the following formula for the family of polynomials of the first kind: 


- o ((“i + b oVp) U + (ai - boVpV) = «i 


(ai + bo^p) n + (ai - bo^pY 


2 " 1 ’ " vr; ' -wr-s / - ( ai + b Q ^p) + (ai - b 0 ^p) 

The generating function in ([ 6 ]) gives us the summations in Proposition 13.II 
Proposition 3.1. The following holds for the polynomials a n and b n : 

( 1 ) 

1 — a\X 1 — a\X 


E< 

n —0 
oo 


(1 - x (ai + b 0 ^/p)) (1-x (ai - b 0 ^/p)) 1 - 2 aiz + {aj - b%p)z 


E b n x n = 


n =0 


(l - X (ai + b 0 ^/p)) (l-x (ai - b Q ^/p)) 1 - 2ai:r + (af - b%p)x 2 


( 8 ) 


(9) 


( 10 ) 


(2) We have 


E Un ~ 

n =0 
oo 

E 6 " = 


1 — ai 


n—0 


(1 - (ai + boifp)) (1 - (oi - b 0 y /p)) ’ 

_&o_ 

(1 - (ai + foov^)) (! - («i - ^ov 7 ?)) 


(3) Generating functions related to 2-dimensional potential theory and multipole expansion are: 


E 

n —1 


£ n 1 

a„— = --ln((l - (ai + b 0 ^/p)x)( 1 - (ai - b 0y /p)x )), 


and 


E ^ ln f 1 _ i!! ^ !! 0v f i! ) - ln ( x - 2a i x + («? - 6 op)^ 2 ) ) ■ 


^ n 2 \b Qy tp \ 1 - (ai + b 0y /p)x 


(4) We have exponential generating functions: 

°° r n 

E a « — T = e<llX cosh(6 0 \/pa;), 

n—0 

OO 77, / 

E = boe aiX ( cosh ( b 0y /px ) + sinh (b 0 y /px) 

t'a nl V boVp 
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(5) We have an analogous form of Turan’s inequality: for p not the square of a polynomial, one has 

a n a n —— pb o boP) Y 0, 

and 

b 2 n - 6 n _i6„ +1 = hi (ai + b 0y /p) n (ai - b 0 ^p) n = b 2 0 (a? - b 2 Q p) n Y 0. 

(6) For m > n, we give a closed form for products of a n ’s and b n ’s: 

Q j mQ j n — 2 (^m+n “I” (&i P) ^m—n ) 5 

bmQ'n — ~2 (pm+n H“ (Pi ^ftP) ^m—n) 1 

pbmbn = 2 (^m+n+2 {p\ P) ®m—n ) • 


n —0 


Proof For m, we have 

OO OO 1 1 

E+ x " = bo J 2 25^= ((«1 + boVp ) n+1 ~ («1 - 6 oVp)” +1 ) 

00 n 

= **EE (x (ai + b Qy /p)) k (x (ai - b 0 y /p)Y 

n— 0 fc=0 

OO OO 

=^oEE (x (ai + b 0 s /p)) k ( x (ai - boy/p)Y 

k —0 n=/c 

OO OO 

= 60 E ( x (°1 + boy/p)) k E ( x (“1 _ b 0 ^p)Y 


%—k 


\n—k 


%—k 


k—0 

00 


n—k 


= 6 0 E ( x (ai + b 0y /p)) k E ( x ( ai ~ & ov / P))’ 


fc =0 


m —0 


(1 - x (ai + b 0A /p)) (1 - x (ai - bo-^/p)) 


while (0 immediately follows from lfl|). 
For ©, we have 


^ 1 ^ rf-n 1 ^ ~n 

E a -— = 2 E (ai + 6 °Vp)" — + 2 £ (ai ^ + 

n—1 n=l n= 1 


= - -l n (i - (ai + boyfp)x) - Fn(l - (ai - b 0 s /p)x) 
= - 2 ln ((! ~ (°i + boy/p)x)(l - (ai - boy/p)x )), 


and 


00 n 00 

S i ’"- = 27 pE<“'+ ! ’»v 1 i) 

n—1 V r n= i 

_ ai + bo^/p 


n+1 


2 > 


E ( ai _ 


n+l 


n—1 


2 V^ „ =1 

ai + bo^/p 


E <«■+"»v5)" £ - ++? E (o. - <-.v5)“ ? 


n—1 


2 ^ 


In (1 - (ai + b 0y /p)x) + 01 YF* ln (1 - (ai - b 0y /p)x) 


2 VP 


ai j + - (ai - b Q ^p)x^ b 0 


2 Vp V 1 - (°i + 


^ - y In ((1 - (ai + b 0y /p)x) (1 - (ai - b 0y /p)x)). 
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Exponential generating functions in (0 follow from 


°° ~ n i- 


n —0 


n =0 

_ 1 ^g(.a. 1 +b 0 y /p)x _j_ e (ai- 

= e aiX cosh(b 0y /px), 


n i ^ -n 

b °Vp) n + 2 £ ( ai - 6 °Vp) n ^ 


n—0 

bo y/v)x^ 


and 


oo oo 

£ bn ^ = ¥7% E^ (ai + b °^ 

n—0 n ' VP n=0 


~n 1 00 

1 


n+1 

n! 


ai + b 0 ^p n x n a\ - b 0 ^p ^ „ a;" 

= ^v^£ ( “ 1 + ws ov ® - 


n! 
ai - b ( 


fl l + b °VP r (ai+bo,/p) 

2 VP 

b 0 e aix (^e bo ^ x + e- bo ^ 

b 0 cosh(boy/px) H-£ si 

x/P 


= e aia; 


} °yP r (ai-b a ,/ph 

2 VP 

^ /2^ + ^L e a l x ^ e boy/px _ e -boVP^ /2^j 
-^= smh(boy/px)^j . 


+ (ai - bo v / P) n+1 ) 

O 


and 

bl- 


The following proves (j5j: 

2 / ( fl i + boy/p) n + (ai — boy/p) n \ 2 

2 n - a„_ia n+ i = I ---I 

((ai + bo^pY- 1 + (a, - boYpY~ l ) ((«i + feov^)^ 1 
2 2 
_ (a i + boi/p) 2 " + 2 (°i + b 0 YpYi a i ~ bo^/vT + ( a i “ ^o^/p) 

4 

((ai + boy/p) 2n + (( a i + boy/p) 2 + (ai - b 0v /p) 2 ) (aj - b§p) n_1 + (ai - b 0y /p) 2n ) 

4 

= ( a i - ftoP) n - ( a i + frpp) (oj - ^oP)" -1 

2 

= ~P b o («i - &oP)" _1 . 


^n—l^n+1 — , 

4 p 


ai + boy/p) n+1 — (a i — b 0v /p) n+1 ^ 2 
- ((ai + boYp) n - (ai - boVpT) ((oi + &oVp )" +2 ~ (<*i - ^oy^ 2 )) 

= E (( ai + boVp) 2(n+1) - (or + b ov ^) 2(n+1) + ( 01 - b 0 Vp) 2(n+1) - («i - b 0v ^) 2(ri+1) 
+ ((ai + boYp) 2 ~ 2(ai + b 0y /p)(ai - b 0y /p) + (ai - b 0l /p) 2 ) (ai + b 0l /p)”(ai - b 0y /p) n 
^(<•1 + I> 0 V ®"(«1 - i>ov®” 


4p - ’»v®‘ 

= bo(ai + b 0 v /p)”(ai - bo^p)”- 

Finally, we leave the proof of (0 to the reader 


We give additional properties about a n and b n : 
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Proposition 3.2. 


(1) The following summation formulae hold: 

n— 1 

pb Q b n -1 = (a n - l)(ai - 1) - (aj - b%p - 2ai + 1) E a k , 

k—0 
n —2 

boa n = bo + b n -i{ai - 1) - (af - bpp - 2ai + 1) E b k . 

k—0 


(2) XTie growth of { b n j n is determined as: 

&2 " +1 = 2v/p6„ + 2 (ai - b 0 y/p) n+1 = -2y/pb n + 2 (a 1 + b 0 y/p) n+1 = 2 a n+1 . 

On 

Proof. The proof of the first equality in (JTJ is as follows: 

n—1 n— 1 

E a * = 2 E ((«!+ b °Vp) k + - b °Vp) k ) 

k=0 k—0 

= 1 (ffli + - 1 1 (ai - bo^p) n - 1 

2 ai + fco-y/P - 1 2ai- b 0y /p - 1 

(((ai + b 0 ^p) n + (oi ~ froyOT/2) (or - 1) - (or - 1) - P&o((oi + froy^)" - (ai - b Q JpY)/(2Jp) 

(ai + b Qy fp - l)(ai - b 0 y/p - 1) 

_ a n («i ~ 1) - («i - 1) pbpb n —i 
(ai + boy/p - l)(ai - b 0y /p - 1) ’ 


and the proof of the second equality is: 

n— 1 1 n— 1 

5> = ;n= + b °V~P) k+1 - (oi - &ov^) fe+1 ) 

/c—0 V ^ fc=0 

_ (ai + b 0y /p) (ai + b 0 y/p) n - 1 _ (ai - b 0 y/p) (on - b 0v ^) n - 1 

2-y/p ai + feov 7 ? -1 2l /P ai-fcov 7 ?- 1 

_ (ai(ai - l)((ai + b Q y/p) n - (ai - b 0y /p) n )/{2^/p) - fr 0 ((gi + b Q y/p) n + (ai - b 0 y/p) n )/2 

(ai + b 0 ^p - l)(ai - b 0 ^p - 1) 

_ b 0 (pb 0 (((ai + b 0y fp) n - (ai - bpy/p) n ) / (fly/p)) - l) 

(ai + b 0 y/p - l)(ai - b 0 y/p - 1) 

_ fe ra -iai(ai ~ 1) ~ b 0 (b 0 pb n -i - 1) - b Q a n 

(ai + bpy/p - l)(ai - b 0 y/p - 1) 

For ©, we have 

E±i = (( ai + boVp) n+1 (ai + &o^)" +1 + (or + b oVp) n+1 (°i - &oVp)” +1 

- («i + 6oVp) n+1 («i - 6oVP)" +1 - (ai - &oVp)" + 1 (oi - b oVpT +1 ) / 

((ai + b 0 y/p) n+1 - ( 0l - 6 ov ^) n+1 ) 

= ((ai + b 0 y/p) n+1 + (ai - 6oVp) n+1 ) ((ai + b 0 y/p) n+1 - (ai - fcoy^E 1 ) / 

((ai+6oVpr +1 -(ai-6oVP)" +1 ) 

= ( ai + &oVp)” + 1 + (or - &oVp) n+1 

= 2y/pb n + 2 (oi - foov^E 1 > 
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and to prove the second equality, clear the denominator for b n in ([2]) to get 

2 Vpbu = («i + b oy ^) n+1 - ( Ql - b 0 ^p) n+1 . 

□ 


4. Second order linear differential equations and polynomials a n and b n 


4.1. The key lemma and its corollaries. For this section, we still consider p to be a separable 
polynomial. Recall that the hypergeometric function 2 Fi(a, b; c; z) is defined as 


2 Fi(a,&;c;z) := ^ 

n>0 


{o)n{b) n n 
(c) n n\ 


where ( a) n := a(a + l)(a + 2) • • • (a + n — 1) is the rising Pochhammer symbol. The following is the key 
lemma used to prove Theorem 14.51 


Lemma 4.1. If a 2 — b^p = t 2r , then we have a hypergeometric function description of a n and b n : 
a n = t rn 2 F 1 ^(1 - (a ,= t rn T n ( ai /t r ), 

b n =b 0 t rn (n + l) 2 F 1 ^-n,n + 2;^;i(l-(ai/0)^ = b 0 t rn U n ( ai /t r ), 
where T n (t) and U n (t) are n-th Chebyshev polynomials of the first and second kind, respectively. 


Proof. We have 


(ai + b Q ^p) n + (ai - b 0y /p) r 


and 


—2k 


Ln/2j . v 

= E 

k—0 x ' 

L n /2j , x 
k—0 7 ' 


1 1 


bn. — 


= r” 2 F 1 ^-n,n;-;-(l-(a 1 /0) 

= t rn T n (a\/t r ), 


(ai + b 0 y/p) n+1 - (ai - b Q y/p) n+1 

71 + 1 \ / 2 ,2r\kn-2k 


Y n /2\ 


k—0 
Ln/2j 


= M? 

k =0 


n + 1 
2k + 1 

Ln/2j 


(1 — (f 2r / a l)) k 

n + 1 


L # ‘/ A J / 

= b 0 t rn (a 1 /t r ) n ]T (2fc + l^ (1_( * 2r/0?))fc 

/c—0 ' y 


= b 0 t rn (n + l) 2 Fr (-n,n + 2; | ±(1 - ( 0l /t r )) 
= b 0 t rn U n ( ai /t r ). 


□ 
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Corollary 4.2. If af — bf^p = t~ r , then the families a n and b n are related to Jacobi polynomials: 

t rn ' ' 




bn. — 


(”” n 1/2 ) 

b 0 t rn 

2 (" + „ 1/2 ) 


Pr, 


r (ai /t r ) =-t rn C"( ai /n 


Pfr*(a 1 /t r )=b 0 t rn C 1 n (a 1 /t r ), 


where P^(z) are Jacobi polynomials and C^*\z) are ultraspherical polynomials. 
Proof. Since 


T n {z) = 


1 _I _I 

_ P 2 ’ 2 

1 n. 


rn 


71 111 

(*)=2 C n (z) and U n (z) = 1/2 


Pj'Hz) = C 1 n (z), 


the above equalities follow immediately since a n = t rn T n (ai/t r ) and b n = bot rn U n (ai/t r ). 


□ 


Corollary 4.3. Provided a\~b^p = t 2r , the polynomials a n and b n are given by the following determinant 
formulae: 


a n (t) = det 


/ai 

t r 

0 

o • 

0 

0 ^ 


(2a\ 

t r 

0 

0 • 

0 

t r 

2ai 

t r 

0 

• 0 

0 


t r 

2ai 

t r 

0 

• 0 

0 

r 

2ai 

t r 

• 0 

0 

and b n ( t ) = bo det 

0 

t r 

2ai 

t r 

• 0 

0 

0 

r 

2ai 

• 0 

0 

0 

0 

t r 

2ai 

■ 0 

0 

0 

0 

0 • 

2a! 

t r 


0 

0 

0 

0 • 

• ‘2 cl\ 

\o 

0 

0 

0 • 

• t r 

2 a\J 


V o 

0 

0 

0 • 

• t r 


where the above are n x n matrices, with n > 1. 

Proof. This follows from Lemma IPl and a result of P. L. Nash |Nas86j : 


T n (t) = det 


-1 0 


-i 

2 1 

-1 

o '■ 

■ 0 

0 


-1 

2 1 

-1 

o '■ 

• 0 

0 

0 

-1 

2 1 

-1 '■ 

■ 0 

0 


0 

-1 

2 1 

-1 '• 

• 0 

0 

0 

0 

-1 

2 1 '■ 

■ 0 

0 

and U n (t) = det 

0 

0 

-1 

2 1 '■ 

■ 0 

0 

0 

0 

0 

0 •• 

• 2 t 

-1 


0 

0 

0 

0 •• 

• 2< 

-1 

V o 

0 

0 

0 •• 

■ -1 

2 1 / 


\o 

0 

0 

0 •• 

• -1 

2 1 / 


Corollary 14.41 is an analogue of Rodrigues’ formula. 

Corollary 4.4. If a 2 — b^p = t 2r for some nonnegative integer r, then 

. /P _ (- 1 ) nt(n ~ 1)r VnVi? F:r ° 1 l pn P-2nr+r U2r 

Gn[) ~ 2 "(n-f)! V [ 


= (-l)"(n+l)V<"ti)'V? nt| , r _ + ,. 

2 "+i(n+i)!vT 2 ^a2 V V U / 


xr+l 


— rai dt 


□ 


tr’). 

(ii) 


(12) 


where D = 
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Proof. The following are Rodrigues’ formulae for the Chebyshev polynomials of the first and second 
kinds: 


T n {t) 

U n {t) 


(-1 d" 

2”(n-i)! dt" V 1 ^ 

(-l) ra (n + l) v ^F d n / , _ t2 ,n+i\ 
2«+i( n+ V 1 > ) 


Using Lemma (HU), we get the desired result. 


(13) 

(14) 

□ 


Next result is also essentially a corollary to Lemma 14.11 but since it is more significant to us, we view 
it as a theorem. 


4.2. Second order linear differential equations. 

Theorem 4.5. If a\ — b^p = t 2r , then 

0 = 1 2 {t 2r — a 2 ) {ait — ra\)a " 

— (2 rnt(t 2r — a 2 )(a[t — rai) + a\t{ait — rai) 2 
+t{t 2r - a 2 ) (t (fa" - 2ra' 1 ) + r(r + l)ai)) a' n 

+ ( rn{t 2r — a 2 ) (t (to" — 2ra , 1 ) + r(r + l)ai) + rnai(a' 1 t — rai) 2 
+n 2 {ta\ — rai) 3 + (rn + l)rn(f 2r — a\){ait — rai)^ a n , 

and 

0 = t 2 {t 2r - a 2 )(ta , 1 - air)6" 

— (2 nrt{t 2r — a 2 )(ta' 1 — air) 2 + 3aif(fa'i — air) 2 
+ t{t 2r — a 2 )(air(r + 1) + t(ta" - 2ra' 1 )))b' n 

+ (n(n + 2 )(ta[ — ai r) 3 + 3airn(ta , 1 — air) 2 + rn(t 2r — a 2 )(air(r + 1) + t(ta’[ — 2ra'i)) 
+ nr{rn + 1 )(f 2r - a\){ta\ - ai r) 2 )b n , 

for all n > 0, where for the last equality, we assume bo is a constant. 


Proof. We have 

(1 - z 2 )T”{z) - zTfiz ) + n 2 T n (z) = 0, 
(1 - z 2 )U';{z) - 3 zU' n {z) + n{n + 2)tf„(z) = 0, 


so using ^ = ai {t)/t r and the fact that 


d _ 1 d _ t r+1 d 
dz d*. dt a^t — rai dt ’ 

d 2 Id Id t r+1 (— t r (t {ta'l — 2ra[) + r(r + l)ai)\ d / t r+1 \ 2 d 2 

dz 2 %dt° d£dt ait - ra ± ^ (ta) - rai) 2 J dt + Va^f - rai ) dt 2 ’ 

we obtain, by Lemma 14. II 


0 = (1 — z 2 )T'f{z) - zT' n {z) + n 2 T n {z) 
- ( t r+1 


= (1 - (ai/t r Y) 


' —t r (■ t ( ta'l ~ 2ra'i) + r(r + l)ai) \ d 
ait - rai l (fa) - rai) 2 / dt 


t r+i y d 2 \ 

ait — ra\) dt 2 J 


-(a i/i r ) - 


r+1 


a^f — rai dt 


( t~ rn a n ) + n 2 U 
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since a n = t rn T n (ai/t r ). Clear the denominator to obtain 

0 = (1 - (ai/f) 2 ) (^-t 2r+1 (t (to" - 2 ra'f) + r(r + l)ai) + t 2(r+1 )(ait - rai)-^ ) (t~ rn a n ) 

- (ai/t r )t r+1 (a' 1 t - rai) 2 ^(t~ rn a n ) + n 2 t~ rn (a' 1 t - rai) 3 a„ 

= t 2 (t 2r — a 2 )(a / 1 t — rai)t~ rn a'f — 2 rnt(t 2r — af)(a , 1 t — rai)t~ rn a' n + (rn + 1 )rn(t 2r — a\)(a' 1 t — ra\)t ~ rn . 

— t(t 2r — a 2 ) (t (to" — 2ra , 1 ) + r(r + l)ai) t~ rn a n — ait(a' 1 t — rai) 2 t~ rn a' n 

+ rn(t 2r — a 2 ) (t (to" — 2ra , 1 ) + r(r + l)ai) t~ rn a n + rna\(a 1 t — rai) 2 t~ rn a n + n 2 (ta^ — rai) 3 t~ rn a n , 
and as a consequence, 

0 = t 2 (t 2r - a?)(ait - rai)to™a" 

— (2 rnt(t 2r — a 2 )(a' 1 t — ra\)t~ rn + ait(a\t — ra\) 2 t~ rn 
+t(t 2r — a 2 ) (i (to" — 2ra , 1 ) + r(r + l)ai) t ~ rn ) a^ 

+ ( rn(t 2r — a 2 ) (t (to" — 2ra , 1 ) + r(r + l)ai) t~ rn + rnai(a' 1 t — ra\) 2 t~ rn 
+n 2 ( ta\ — rai) 3 t~ rn + (rn + l)rn(i 2r — a\)(a\t — rai)i _rn ^ a n . 

Similarly, since b n = t rn b 0 U n (ai/t r ), we have 

0 = t 2 (t 2r — a 2 )(ta' 1 — air) 2 6g 1 t~ rn b" 

— (2 nrt(t 2r — a 2 )(ta' 1 — air) 2 + 3ait(ta[ — air) 2 
+ t(t 2r - a 2 )(air(r + 1) + t(ta" - 2 ra' l )))b(f 1 t~ r " n b' n 
+ (n(n + 2)(ta , 1 — air) 3 + 3airn(ta , 1 — air) 2 + rn(t 2r — a 2 )(air(r + 1) + t(ta" — 2ra , 1 )) 

+ nr(rn + l)(t 2r — a 2 )(ta , 1 — air) 2 )b(( 1 t~ rn b n . 


□ 


Remark 4.6. In the DJKM setting, we obtain a second order linear differential equation that the a n ’s 
satisfy: 

0 = t(t 2 + 1 )(t 4 - 2/31 2 + 1 )y" (15) 

— ((1 — 2 n)t 6 + (2 n + 3)t 4 + t 2 (—4/3 + (4/3 — 2 )n — 1) — 2 n + 1 )y' 

— (/3 + 1 )nt (nt 2 + n + t 2 — l) y. 

We were not able to come up with this differential equation in |CGLZ14b] . 


Remark 4.7. In the setting of the DJKM-algebra (cf. Equation ©,), the differential equation in 
Theorem \4-5\ for b n ’s reduces to Equation (|7|) . Moreover , this differential equation for b n is of Fuchsian 
type since the analytic coefficient of 


0 = //"- 


((2 n - 3)i 6 +1 4 (—4/3n + 2n - 5) + t 2 (4/3 - 4/3n + 2n + 3) + 2n + 1) , 
t(t 2 + l)(i 4 — 2 ft 2 + 1) V 


(16) 


2(2 nt 5 + nt 3 (/3 + (/3 + 1 )n + 5) + nt(-j .3 + (/3 + 1 )n + 1)) 
t(t 2 + l)(t 4 — 2/3t 2 + 1) 2 


for y' has (distinct) poles at 0,±i,±y/3± \J ft 2 — 1 and the degree of the coefficient polynomial of y' in 
© is 6, while the degree of the polynomial coefficient of y in © is 5, which is less than or equal to 12, 
as required. 

Similarly, one can see that the differential equation m is of Fuchsian type. 
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5. Orthogonality in the DJKM setting. 

The recursion relation for Chebyshev polynomials T n = T n (t ) of the first kind is the following: 

2 tT n = T„_|_i + T ra _ i, 

with initial condition To = 1 and T± = x, and it is known that these Chebyshev polynomials are 
orthogonal with respect to the kernel 

. 1 (17) 

Similarly, the recursion relation for Chebyshev polynomials U n = U n (t) of the second kind is: 

2 tU n = U n+1 + U n — i, 

with initial condition U$ = 1 and U\ = 2x, and it is known that these Chebyshev polynomials are 
orthogonal with respect to the kernel 

VI ~t 2 . (18) 

In the setting of D JA'M-algebras, we can rewrite the recursion relation of the b n ’ s, ([8]), as 

2 (a 1 /t)t~ n b n = t~ n ~ 1 b n+ 1 + t~ n+ 1 b n -u (19) 

which suggests that the Laurent polynomials t~ n b n are orthogonal with respect to some measure if we 
view them as functions of a\/t. Indeed, we prove that this is true below. 

Consider the polynomial in J3]) studied by Date-Jimbo-Kashiwara-Miwa in IDJKM83] and |DJKM85] . 

t 2 - /3 

and note that p(t) = q(t ) 2 — 1, where q(t) = / = and p-p(it) = pp(t). 


This gives us the explicit form: 
bn — 




n+1 


1 //? + 1 / 2(/3 — 1) ( t 2 - 1 ^ jt 4 - 2 /3t 2 + l\ ( t 2 - 1 

■' 2 \^~p^ 2 pt 2 + l ^V 2 ^- 1 ) V ) ~ V V 2 (/ 3 - X ) 

From the recursion relation ©, we see that b n is a polynomial in t of degree 2 n. 
Theorem 5.1. For ft > 1 real and 

t A - 2 ft 2 + 1 


/ r - 2 ft 2 + 1 
2(^-1) 


n+1 


p(t) = 


ft 2 - 1 


ai{t) ■— 


t 2 - 1 

V+^T)’ 


and bn = 


0 + 1 
2 ’ 


we have the following identities: 


yg^r+yg+r 


h— yg+T-yg^x 
V2 


x—n—m— 1 


Q j nQ j m(t' + l)i 


W+i"=i ^ 


0 if n ^ m, 

if n = m = 0, 

( 7 r/2)V+ 7 T ifn = m^ 0 , 


and 


yg^r+yg+r 

vg 


L_ yg+T-yg^x 
vg 


L—n—m —3 


b m bn{t 2 + l)i 


/f 4 -2/3i 2 + l 


1 -/? 




0 


if n ^ m, 


§(/3 + l)\//3 — 1 ifn = m. 


Proof. We know 


T n (z)T m (z) 


VT^z 2 


0 if n ^ to, 
dz = { tt if n = to = 0, 

7t/2 if n = to ^ 0, 


( 20 ) 


(21) 


J U n (z)U m (z)y/l - g 2 dz = 


0 if n ^ to, 

7r/2 if n = to. 
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Then setting z = a\(t)/t, we get 
T n {ai/t)Tm(ai/i) 


V 1 - (aiA) 


-d(ai/t)=t n m a n a m —04 - ai)t 2 dt 
V* ~ «i 


by Lemma 14.11 Solving ai/£ = —1, we have two solutions: t = — ^^ ~~—' ^ ~ 

and for ai/t = 1, t = -—-,-——-. For (3 > 1 real, we have 

V2 V2 


v2EI±v2±I 

f n/2 

/ a n a m 

L vW-'^T 
v42 


t 2 + 1 




t 4 -2/3i 2 + l 

-/8 


= J T n (z)T m (z)—^==dz = { tt if n = m = 0, 


VT - 


0 if n ^ m, 

7r if n = to 

[ 71/2 if n = to 4 0. 


Similarly for the b ra ’s, we have 


V^T+vOTT _ o 

b. 


0 j_—n—m—3i 


l+— v/3+1—vo—1 2 

. y/^T+v^+T 


ft 4 - 2/3t 2 + l{t 2 + 1) 
1-/3 


dt 


s/2 

_ y/P + l — y/P — 1 

V 2 


\A 2 “ «i n„> 


b n 2 t n m b n b m V °, Ul (to^ — Oi)t 2 dt. 


\t\ 


J U n (z)U m (z)y/l - z 2 dz 


/-1 

f 0 if n 4 to, 
I 7r/2 if n = to. 


□ 


Corollary 5.2. For j3 > 1 and n > 0, f/ie Laurent polynomials t n a n , respectively, t n b n , form an 

r VW+i-V/3~i T + VPTi^ 

V2 ’ V2 _ 


orthogonal family on the interval 
t~ l (t 2 + 1) 


with respect to the kernels 


1-/3 


respectively, t 3 (f 2 + 1)^ 


/t 4 — 2f3t 2 + 1 


1-/3 


f 4 - 2[3t 2 + 1 : 

Remark 5.3. If m is even and n is odd, or vice versa, then the integrals in (1201) and (ED are elliptic 
integrals. 

Lastly we have 

Proposition 5.4. The b n ’s have (certain level of) extrema at the endpoints of the interval |f| < 1, 
analogous to the property of Shabat polynomials: for t = ±1, we have 

(-l) n/2 /(3 + 1 


M 1) = b n (-1 ) = 


' (1+ (-!)") = 


l) n / 2 


1 + 1 


if n even, 
if n odd. 


Proof. We have 


Mi) = 2 



(-l) n/2 //3 + 1 


(i + (-in, 

so the result holds. Similarly, since b n (— 1) = b„(l), we are done. 


□ 
































































HYPERELLIPTIC LIE ALGEBRAS 


15 


6. Future work 

Since the families a n and b n of polynomials are intimately related to Chebyshev polynomials, it is 
natural to study the fullest extent of their analogs. In Section |5j we specialized to the DJKM- algebra 
setting to obtain an orthogonality result for a n and b n . Our future work includes generalizing the 
orthogonality to other polynomials p, not necessarily of degree 4, whereby one will most likely obtain 
new identities in terms of hyperelliptic integrals. 
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